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Fractal characteristics of seismic process in rock mass at mining:
Mathematical modeling and analysis
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It is shown in the paper that the system of equations of solid mechanics, which has a mixed
type, demonstrate the most common features of evolution of nonlinear dynamic systems.
Previous investigations of seismic process were carried out on the base of simplified
(sand-pile, land-slide) models which gave a graph of recurrence of seismic events and
information about the state of self-organized criticality (SOC). However, these simplified
models do not contain the information about the stress-strain state of the loaded geomedia
and its proximity to the critical state. In the proposed paper the model of rock mass
with excavation is constructed and general step of roof caving is modelled. On the base
of these modeling the formation of critical state in loaded geomedia is studied. The
fluctuations of stress-strain state at different points of geomedia are studied as the reflection
of fracture process occurring in the main elements of rock mass: roof and floor, when
the coal face is advanced. It is shown that the probability distribution function (PDF)
dependencies, amplitude-frequency characteristics reflect the state of the rock mass and
might be considered as the fractal characteristics of fracture process within. The evolution of
these dependencies shows the dramatic change when the critical state is formed in the rock
mass surrounding the underground opening. KEYWORDS: Mathematical modeling; fractal

characteristics; coal mining; roof caving; stress fluctuations; critical states; damage accumulation.

Citation: Eremin, M. O. (2016), Fractal characteristics of seismic process in rock mass at mining: Mathematical modeling and

analysis, Russ. J. Earth. Sci., 16, ES4002, doi:10.2205/2016ES000574.

1. Introduction

The modern methods of geomechanical modeling provide
an opportunity for investigating the stress-strain state evo-
lution of rock mass at different horizons of underlying coal
seams if the structural, elastic, non-elastic and strength char-
acteristics are taken into account. Then the steps of general
and set steps of roof caving could be estimated. The amount
of geotechnical problems is rather wide. The majority of in-
vestigations are dedicated to the estimations of stress-strain
state around the underground tunnels or excavations with
analytical [Chanyshev et al., 2014; Demin et al., 2015; Lu
and Yang, 2013] and numerical [Kiya et al., 2015; Pardoen
et al., 2012; Roatesi, 2010; Yang et al., 2014] solutions of
boundary problem. The results of these estimations provide
a good information about disintegration of rocks around the
excavations and/or tunnels due to plastic deformations. To
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our mind, the most interesting papers concern the tempo-
ral mechanical behavior of rock mass with excavations as
soon as it supposes the investigation of stability of devel-
opment workings, rock mass elements (roof and floor) and
the influence of rock pressure manifestation during mining
[Khoshboresh, 2013; Nuric et al., 2012; Pavlova et al., 2004;
Shabanimashcool, 2012]. The stability and/or development
of inelastic strains/fracture around the underground open-
ings is usually considered as the boundary problem of the
media with tunnel of circle or other cross-section form sub-
jected to multi-axial loading [Pardoen et al., 2012; Yang et
al., 2014; Zhu et al., 2005]. The lack of papers is observed
concerning the problem of modeling the excavation at coal
face moving [Kwasniewski, 2008; Verma et al., 2013; Wang
et al., 2014].

The solution of forecasting problem and risk assessment is
actual for the majority of human activities. The problem of
forecasting the dangerous manifestations of rock pressure,
including the rock bursts, is one of the significant in this
range. More widely, this is the problem of forecasting the
catastrophic fracture of Earth crust elements, earthquakes
and the fracture of any solids and construction’s elements.
From the theoretical point of view, these problems might be
solved with the deep understanding of common laws of evo-
lution of nonlinear dynamic systems since all solids and geo-
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media are related to such systems. The main goal of studying
the evolution of stress-strain state (SSS) in loaded media, as
a dynamic system, is the forecast of critical states. The fore-
casting of both place and time of possible large earthquakes
and rock bursts is made empirically on the base of analy-
sis of chosen sequence of earthquakes [Shapoval et al., 2011;
Shebalin et al., 2006], and data of monitoring or precursors.

The “sand pile” model is usually used as one of the ba-
sic models of geomedia. In the same manner, the large
experience of mining and data of geophysical monitoring
underlie the forecasting of dangerous dynamic phenomena.
The amount of papers dedicated to development of common
physical theory of seismic process is increasing continuously.
The majority of these theories have the simple equations
of nonlinear dynamics as the basis. However, many details
of fracture foci formation, as well as seismic process, are
not quietly studied. The widely accepted physical model of
fracture process doesn’t exist. That is why the imitation
models became wide spread. They demonstrate several fea-
tures of real dynamic systems, for example, blow-up regimes,
power-law distributions and some other important features
of dynamic systems evolution.

The mathematical theory of evolution of loaded solids and
media [Makarov, 2008] underlies the methodology for anal-
ysis of SSS in rock mass surrounding the excavation. The
system of solid mechanics equations composes the core of
this theory. The rich history of mechanics demonstrates that
these equations model the deformation processes, including
the fracture. The numerical solutions of solid mechanics
equations demonstrate all known characteristic features of
nonlinear dynamic system evolution, if the positive and neg-
ative feedbacks and equations of state, characterizing the
rate of non-elastic strain and damage accumulation, are in-
cluded in the system.

In the proposed paper we suppose that the change in frac-
tal characteristics of fracture process might be used as the
precursors of critical state formation in rock mass surround-
ing the underground opening when the coal face is advanced.

2. Mathematics

The mathematical model include the fundamental conser-
vation laws of continuum mechanics: conservation of mass,
impulse:

𝑑𝜌

𝑑𝑡
+ 𝜌 divv = 0, 𝜌

𝑑𝑣𝑖
𝑑𝑡
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The equation of state (EOS) is taken in the form of
isotropic Hookes law and is written in the relaxation form.
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The non-elastic deformation of rock mass elements is de-
scripted within the Drucker-Prager yield function with non-
associated flow rule.
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Figure 1. The geologic profile of mine and boundary.

The components of inelastic strain rates tensor are defined
according to the Nikolaevskii plastic potential.
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The fracture of the rock mass elements is considered within
the theory of damages accumulation.

𝐷 =

𝑡∫︁
𝑡0

(𝜎cur − 𝑌 )2𝑑𝑡

𝜎2
*𝑡*

, 𝜎* = 𝜎0*(1 + 𝜇𝜎)

Physical-mechanical properties: 𝜌 – material density, 𝐾 –
bulk modulus, 𝜇 – shear modulus, 𝑌0 – initial cohesion, 𝛼 –
coefficient of internal friction, Λ – dilation coefficient, 𝜆 –
the first Lame coefficient.

Other parameters of the model: v – the velocity vector,
𝑣𝑖 – the velocity vector components, 𝜎𝑖𝑗 – the components
of stress tensor, 𝑥𝑗 – the Cartesian coordinates, 𝐹𝑖 – the
components of mass force. 𝜃𝑇 – the rate of total volumetric
deformation, 𝜃𝑃 the rate of plastic volumetric deformation,
�̇�𝑇𝑖𝑗 – the components of total strain rate tensor, �̇�𝑃𝑖𝑗 – the
components of plastic strain rate tensor. 𝐼1 – the first in-
variant of stress tensor, 𝐼2 – the second invariant of stress
tensor, 𝑌 – the current value of cohesion, 𝑆𝑖𝑗 – the compo-
nents of deviatric stress tensor, 𝛿𝑖𝑗 – delta Kronecker, �̇� –
the multiplier used in theory of plasticity, 𝜎cur – the current
value of stress (combination of first and second invariant of
stress tensor) at the point of media, 𝜇𝜎 – the Lode-Nadai co-
efficient, 𝑡*, 𝜎0* – model parameters characterizing the rate
of damage accumulation.

In more details, an applied model is explained in [Makarov
et al., 2014].

3. Results and Discussion

The geological conditions of coal seams correspond to the
flat-dipping formations at different angles. In the investi-
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Figure 2. The distribution of relative Coulomb stresses in the elements of rock mass: when the coal
face has been advanced for 55 m (a), when the coal face has been advanced for 150 m (b).

gating case, the depth of the coal horizon is 300 m. On
the Figure 1, one can see the stratigraphic column and the
corresponding physical-mechanical properties of each layer.

The parameters of the rock mass layers are as follows:

1. Siltstone layer: 𝜌 = 2.5 g/cm3, 𝐾 = 9 GPa, 𝜇 =
8.7 GPa, 𝑌0 = 7 MPa, 𝛼 = 0.62, Λ = 0.22.

2. Main roof, sandstone layer: 𝜌 = 2.2 g/cm3, 𝐾 =
12.8 GPa, 𝜇 = 5.34 GPa, 𝑌0 = 12 MPa, 𝛼 = 0.6,
Λ = 0.12.

3. Immediate roof, claystone layer: 𝜌 = 2.5 g/cm3, 𝐾 =
9 GPa, 𝜇 = 8.7 GPa, 𝑌0 = 6 MPa, 𝛼 = 0.62, Λ = 0.22.

4. Coal seam layer: 𝜌 = 1.4 g/cm3, 𝐾 = 1.95 GPa, 𝜇 =
0.042 GPa, 𝑌0 = 4 MPa, 𝛼 = 0.4, Λ = 0.08.

The initial condition is the gravitation stress field. The
step of calculation grid is 0.5 m. The mining work is made on

the depth of 250 m. Other physical-mechanical parameters
are in paper [Eremin et al., 2015].

4. Results of Modelling and Analysis

Since the Drucker-Prager model is applied in the paper,
it is useful to analyze the stress-strain state in terms of rela-
tive Coulomb stresses (1) which show the actual state of the
media in particular point (Figure 2a and Figure 2b).

𝜎𝑐 =
𝜏

𝑌 + 𝛼𝑃
(1)

where 𝜏 – intensity of stresses, 𝑌 – current value of cohesion,
𝑃 – hydrostatic pressure.

If 𝜎𝑐 is equal to 1, then the stress-strain state is on the
yield surface and non-elastic deformation occurs. The local
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Figure 3. The registration of stress fluctuations in rock
mass at several gauges when the coal face is advanced.

Figure 4. The evolution of PDF-dependency of fluctuations during the advancement of the coal face.

loss of elastic stability and transition to inelastic state is ac-
companied with the relaxation of stresses. Such local acts
of inelastic deformation might be considered as a small scale
catastrophes (or avalanches, in terms of self-organized crit-
icality theory). Each catastrophe produces the stress wave.
If we look through the registration of stress fluctuations in
several points of rock mass (seismic gauges), than we shall
see that the fluctuations reflect the superposition of fractur-
ing of many scales (from micro to macro, Figure 3). These
stress waves give information about the current state of the
rock mass as the dynamic system.

The PDF-dependency show the dynamic chaos state in
the beginning of coal advance, the small scale fractures oc-
cur almost independently from each other (Figure 4a). The
following changes indicate the transition to self-organized
criticality state because of appearance of leading frequency
in distribution (Figure 4b), loss of spatio-temporal symme-
try of fluctuations and appearance of “fat tails” in statistics
of fluctuations (Figure 4c), after the general caving of roof,
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Figure 5. The evolution of AFC of fluctuations during the advancement of the coal face.

the distribution rehabilitates the symmetry but doesn’t cor-
respond to the initial state (Figure 4d).

The evolution of the amplitude-frequency characteristics
(AFC) shows the drastic change of the slope when the critical

Figure 6. The evolution of AFC slope during the advance-
ment of the coal face.

state is formed in the rock mass (Figure 5 and Figure 6). It
occurs when the coalface advancement is close to the step
of general caving. For convenience, the Figure 5 shows the
AFC for 4 time intervals of the whole range of fluctuations.

5. Conclusion

The fluctuations of stress-strain state at different points
of geomedia are studied as the reflection of fracture process
occurring in the main elements of rock mass: roof and floor,
when the coal face is advanced. It is shown that the PDF de-
pendencies, amplitude-frequency characteristics reflect the
state of the rock mass and might be considered as the frac-
tal characteristics of fracture process within. The evolution
of these dependencies shows the dramatic change when the
critical state is formed in the rock mass surrounding the
underground opening. Particularly, the slope of amplitude-
frequency characteristic drops dramatically when the length
of mined space gets close to the step of general caving.
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The results of numerical modeling show that the devel-
oped model, applied for simulation of stress-strain state evo-
lution over the mined space demonstrate all known charac-
teristic features of nonlinear dynamic system evolution.
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