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Abstract. This paper overviews the
observations of aerosol events in the atmosphere
in view of a simple linear model of the formation
of nanoaerosols in the atmosphere. The model
includes three input functions: the rate of
formation of the smallest (1.5 nm in diameter)
particles by nucleation, the particle growth rate,
and the coagulation sink of newly born particles.
Neglecting the self-coagulation of newly born
particles (this process is slow) simplifies the
growth equation describing time evolution of the
particle size distribution. This equation becomes
linear and is solved exactly. The most
remarkable feature of our consideration is that
the particle size distribution can be presented as
a superposition of different growth regimes. In
particular, if the source-enhanced particle
growth is combined with the free regime, the
latter produces a running wave that moves to
the right along the size axis giving the picture
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very similar to that observed during the nucle-
ation events. The source-enhanced regime alone
can also produce the wave moving to the right
but the picture is much less expressive. Another
possibility discussed here is an abrupt change in
the particle source intensity because of increasing
the condensation sink. The source stops produc-
ing fresh particles and the whole particle distribu-
tion begins to shift to the right along the particle
size axis. Similar picture is observed if the nu-
cleation process goes at nighttime and stops at
daytime. In this case the particles accumulated
during the night grow in the free regime at day-
time by condensing the low volatile substances
formed in photochemical reactions. The particle
size spectra are found for different sets of the pa-
rameters. Possible scenarios of nucleation bursts
are discussed.

1 Introduction

Regular production of nonvolatile species of anthro-
pogenic or natural origin in the atmosphere eventu-
ally leads to their nucleation, formation of tiny aerosol
particles and their subsequent growth. Thus formed



aerosol is able to inhibit the nucleation process because
of condensation of nonvolatile substances onto the sur-
faces of newly born particle surfaces. This process is
referred to as the nucleation burst [Friedlander, 1977,
1983].

The dynamics of atmospheric nucleation bursts pos-
sesses its own specifics, in particular, the particle pro-
duction and growth is suppressed mainly by preexisting
aerosols rather than freshly formed particles of nucle-
ation mode [Kerminen et al., 2001; Dal Maso et al.,
2002]. In many cases the nucleation bursts have a het-
erogeneous nature. The smallest (undetectable) par-
ticles accumulated during nighttime begin to grow at
daytime because of sunlight driven photochemical cy-
cles producing low volatile (but not nucleating) sub-
stances that are able to activate the aerosol particles
[Kulmala et al., 2006]. Stable sulfate clusters [Kulmala
et al., 2000] can serve as heterogeneous embryos pro-
voking the nucleation bursts.

The nucleation bursts were regularly observed in the
atmospheric conditions and were shown to serve as an
essential source of cloud condensation nuclei [Kulmala,
2003; Kulmala et al., 2004a; Kulmala and Tammet,
2007].

In this paper we apply a simple linear model for ana-



lyzing the nature of the atmospheric nucleation bursts.

1.1 Nucleation Bursts in the Atmosphere
Now it becomes more and more evident that the nu-
cleation bursts in the atmosphere can contribute sub-
stantially to CCN production and can thus affect the
climate and weather conditions on our planet (see e.g.,
[Spracklen et al., 2006 and references therein]. Ex-
isting at present time opinion connects the nucleation
bursts with additional production of nonvolatile sub-
stances that can then nucleate producing new aerosol
particles, and/or condense onto the surfaces of newly
born particles, foreign aerosols, or on atmospheric ions.
The production of nonvolatile substances, in turn, de-
mands some special conditions to be fulfilled imposed
on the emission rates of volatile organics from vegeta-
tion, current chemical content of the atmosphere, rates
of stirring and exchange processes between lower and
upper atmospheric layers, presence of foreign aerosols
[accumulation mode, first of all) serving as condensa-
tional sinks for trace gases and the coagulation sinks for
the particles of nucleation mode, the interactions with
air masses from contaminated or clean regions [Kermi-
nen et al., 2000; Adams and Seinfeld, 2003; Boy and



Kulmala, 2002; Kulmala, 2003; Kulmala et al., 2004a;
2004b; 2004c; Kulmala et al., 2005; Kerminen et al.,
2004a, 2004b; Dal Maso et al., 2005]. Such a plethora
of very diverse factors most of which have a stochastic
nature prevents direct attacks on this effect. A huge
amount of field measurements of nucleation bursts dy-
namics appeared during the last decade (see [Kavouras
et al., 1998; Kerminen et al., 2000; Kulmala et al.,
2001; Aalto et al., 2001; Janson et al., 2001; O’Dowd
et al., 2003; Boy and Kulmala, 2002; Boy et al., 2003;
Kulmala, 2003; Kulmala et al., 2004a; 2004b; 2004c;
Dal Maso et al., 2005; Lyubovtseva et al., 2005; Ker-
minen et al., 2004a; 2004b; Stolzenberg et al., 2005].

The attempts of modelling this important and still
enigmatic process also appeared rather long ago. Here
we avoid the long history of this problem and cite only
the last models appeared in the XXI century: [Barret
and Clement, 1991; Clement and Ford, 1999; Clement
et al., 2006; Adams et al., 2002; Korhonen et al.,
2003; Lehtinen and Kulmala, 2003; Easter et al., 2004;
Anttila et al., 2004; Korhonen et al., 2004; Grini et
al., 2005; Lushnikov et al., 2013a, 2013b; Lushnikov et
al., 2014; Elperin et al., 2013; Stolzenberg et al., 2005;
Spracklen et al., 2006]. The extensive earlier citations
can be found in the above listed papers. All mod-



els (with no exception) start from commonly accepted
point of view that the chemical reactions of trace gases
are responsible for the formation of nonvolatile precur-
sors which then give the life to subnano- and nanopar-
ticles in the atmosphere. In their turn, these particles
are considered as active participants of the atmospheric
chemical cycles leading to the particle formation [Hoff-
mann et al., 1997; Griffin et al., 1999; Janson et al.,
2001; Griffin et al., 2002]. Hence, any model of nu-
cleation bursts included (and includes) coupled chem-
ical and aerosol blocks. This coupling leads to strong
nonlinearities which means that all intra-atmospheric
chemical processes (not all of which are, in addition,
firmly established) are described by a set of nonlinear
equations, and there is not an assurance that we know
all the participants of the chemical cycles leading to the
production of low volatile gas constituents that then
convert to the tiniest aerosol particles.

The special significance of atmospheric sulfuric acid
was emphasized in [Kulmala et al., 1995]. Although
its total concentration is not enough for providing the
observed particle growth, the primary role of H2SO4

in the processes of atmospheric nucleation was proven
in a number of recent measurements [Kulmala et al.,
2007a].



1.2 Why the Model is Linear?

Our main idea is to decouple the aerosol and chemical
parts of the particle formation process and to consider
here only the aerosol part of the problem. We thus
introduce the concentrations of nonvolatile substances
responsible for the particle growth and the rate of em-
bryo production as external parameters whose values
can be found either from measurements or calculated
independently, once the input concentrations of reac-
tants and the pathways leading to the formation of
these nonvolatile substances are known. Next, intro-
ducing the embryo production rate allows us to avoid
rather slippery problem of the mechanisms responsible
for embryos formation. Because neither the pathways
nor the mechanisms of production of condensable trace
gases and the embryos of condense phase are well es-
tablished so far, our semi-empirical approach is well
approved. Moreover, if we risk to start from the first
principles, we need to introduce too many empirical
(fitting) parameters.

Aerosol particles throughout the entire size range be-
ginning with the smallest ones (with the sizes of or-
der 1nm in diameter) and ending with sufficiently large
particles (submicron and micron ones) are shaped by



some well established mechanisms. These are: con-
densation and coagulation. Little is known, however,
on atmospheric nucleation. This is the reason why this
very important process together with self-coagulation
is introduced here as an external source of the parti-
cles of the smallest sizes. The final productivity of the
source is introduced as a fitting parameter whose value
is controlled by two these processes simultaneously and
thus always lower than the productivity of the nucle-
ation mechanism alone. Next, coagulation produces
the particles distributed over a size interval, rather than
monodisperse ones of a critical size (like in the case of
nucleation alone). Respectively, the productivity should
be introduced as a function of the particle size and time.
In principle, the size dependence of the source can be
found theoretically, but it is better to refuse of this
idea and to introduce it as the product of a lognormal
function and a time dependent total production rate.

The condensational growth depends on the concen-
trations of condensable vapors, with the condensational
efficiencies being known functions of the particle size.
The concentrations of condensable trace gases are in-
troduced as known functions. They can also be calcu-
lated, once all reactions responsible for conversion of
volatile trace gases to low volatile ones and respective



reaction rates are known (+ stoichiometry of the re-
actions + initial concentrations of all participants and
many other unpleasant things). Of course, nothing like
this is known and there is not a chance to get this
information in the near future.

The losses of particles are caused mainly by preexist-
ing submicron and micron particles. [Kerminen et al.,
2001; Kulmala et al., 2001; Boy et al., 2003] There
are also other types of losses: deposition of particles
onto leaves of trees, soil losses, scavenging by deposits
and mists. Here the loss term is introduced as a sink
of small particles on preexisting submicron and micron
aerosol particles.

Self-coagulation of particles with sizes exceeding 3nm
in diameter is entirely ignored in the model. Many au-
thors (e.g., [Zhang et al, 1999; Lushnikov and Kulmala,
2000; Kerminen et al, 2001; Kulmala, 2003, and ref-
erences therein) estimated the characteristic times of
the self-coagulation process and found them to exceed
104 s. In what follows we ignore this process. On
the contrary, the intermode coagulation (the deposi-
tion of newly born particles onto preexisting aerosols)
is of great importance and must be taken into account.

Now it is easy to answer the question posed in the
title of this Section.



Our model is linear because the nucleation mode
does not affect the surrounding atmosphere whose chem-
ical state is defined by other numerous external factors.
For example, the lifetimes of trace gases and the par-
ticles of nucleation mode depend on the concentration
and the size distribution of preexisting aerosol particles.

The remainder of the paper is divided as follows. In
the next Section a detailed description of the model is
given. Here we formulate the basic equation, introduce
the parametrization of the input functions (nucleation
rate, growth rate, and the coagulation sinks), and give
the order-of-magnitude estimates of the characteristic
times of the formation-growth process.

Section 3 contains the exact solution of the formation-
growth equation. It is shown that the particle size
spectrum can be found analytically in terms of inte-
grals containing the input functions. In Section 4 we
show that the types of nucleation events are closely re-
lated to the initial conditions to the formation-growth
equation. Possible scenarios of the nucleation bursts
are considered in this Section.

Concluding Section 5 summarizes the results and
outlines once again the ideas underlying the linear model.



2 The Model

In this Section we give a detailed description of the
model.

2.1 Toward Linearity

In this subsection we explain how to derive the lin-
ear model from the general consideration. Our start-
ing point is the general set of equations describing
the dynamics of the trace gas+aerosol system. Let
Ci (i = 1, 2 ... k) be the concentrations of condensing
trace gases and C0 be the concentration of the nucle-
ating gas. Then

dCi

dt
= Ii + Fi − λiCi (1)

Here Ii is the source of the trace component i , Fi(C0,
C1 ...) are the terms responsible for the chemical trans-
formations of the trace gases, and λi are the loss rates
the trace gas molecules.

The second equation describes the evolution of the
aerosol particle size distribution n(a, t),

∂n(a, t)

∂t
+
∂ȧn(a, t)

∂a
+ λ(a)n(a, t) = J + (Knn) (2)



What is important to emphasize is that we write
down the equation only for newly born particles and
consider the rest aerosol as an external factor whose
properties are known. Here ȧ = φ(C1, C2 ... ; a) is the
rate of the particle growth depending on the concentra-
tions of condensable substances and the particle radius
a, λ(a) is the rate of the particle losses. The right-hand
side of this equation contains the particle production
rate J and the particle losses due to their coagulation
(the term (Knn)).

We assume that:

• the condensation sink (CS) for molecular species
is determined only by the preexisting aerosol par-
ticles. The consumption of trace gases for pro-
duction of newborn particles and their growth is
ignored.

• the particle growth rate ȧ is independent of the
sizes of particles in the nucleation mode.

• the sink of particles λ(a) depends on the size dis-
tribution of preexisting particles

• the particle source can be introduced as a known
function of particle size.

We then come to a closed General Dynamic Equation



[Friedlander, 1977] that governs evolution of the parti-
cle size spectrum. In order to come to the linear model
we should have grounds for neglecting self-coagulation
of the particles of the nucleation mode. The condition
for this is the smallness of the nucleation mode particle
loss times with the characteristic times of coagulation.
This condition is well fulfilled during almost all nucle-
ation events in boreal forests [Kulmale et al., 2004a].
In what follows we focus on these events. All further
numerical estimates apply the parameters measured in
Hyytiälä.

Self-coagulation of the particles of sizes larger than
3 nm in diameter can be ignored. This process takes
long time of order τ ∝ 1/

√
JK ∝ 105 s (for particles of

3 nm in diameter, coagulation efficiency K ≈ 3×10−10

cm3 · s−1 and the production rate does not exceeds 1
cm−3s−1. This time should be compared with the char-
acteristic times of the particle losses due to their coa-
lescence with the preexisting aerosol particles which are
normally do not exceed 104 s. If the characteristic times
of intramode and intermode coagulation processes be-
come comparable or the time of intramode coagulation
much exceeds the time of coagulation losses, then the
nucleation bursts cannot be described by a linear model.
Still even in this case it is possible to separate chemical



and aerosol blocks.
We thus see that Eq. (2) does not contain nonlin-

earities if we introduce J and ȧ as known functions. Of
course, they depend on Ci , but this dependence can be
found on solving Eq. (1). This step can always be done
independently of the solution of the birth-growth-death
equation (2). Now we formulate this scheme in detail.

2.2 Continuity Equation

The particle formation-growth-death process is thus de-
scribed by the continuity equation

∂n

∂t
+
∂ȧn

∂a
+ λn = J (3)

Here

• n = n(a, t) is the distribution of the aerosol par-
ticles over their radiuses a so that n(a, t)da is the
number concentration of the particles in the size
interval [a, a + da].

• ȧ is the particle growth rate (the change of the
particle size at a time)

ȧ = βC (t) =
V0vTC (t)

4
(4)



where vT is the thermal velocity of a condensing
molecule, V0 is its volume, and C = C (t) is the
number concentration of condensing molecules in
the gas phase. The extension of this formula to
the case of several condensing gases is apparent:
ȧ =

∑
βiCi . This expression is valid in the free-

molecule regime. If, however, we wish to consider
larger particles another formula should be used. It
is commonly accepted to use the Fuchs-Sutugin
formula. Here we refuse of this recipe and use an-
other expression derived by Lushnikov and Kulmala
[2004],

β(a) =
2πa2vT

1 +

√
1 +

(avT
2D

)2
, (5)

where D is the molecular diffusivity of condensing
species. This formula well reproduces the results
obtained with the aid of the Fuchs-Sutugin for-
mula. In contrast to the latter Eq. (5) does not
operate with such not well defined values like the
molecular mean free path. Instead the diffusivity is
used. The dependence of the condensation rate on
the particle size is shown in Figure 1 for molecule
weight µ = 150. This figure clearly shows that the



Figure 1. The efficiency of molecule condensation onto
the particle surface vs the particle radius. Shown is the
correction factor defined as the ratio of the particle con-
densation efficiency to its free-molecule value πa2vT . This
dependence overlaps all regimes of the molecular motions,
but in contrast to the Fuchs-Sutugin formula expresses β(a)
in terms of “observables”, the molecular thermal velocity
and the diffusivity (rather than the molecular mean free
path). The correction factor remains almost constant up
to a = 10 nm.



condensation rate remains constant for the particle
smaller than 20 nm in diameter.

• The coagulation sink is believed to be the main
cause for the particle removal from the atmosphere.
The newly born particles of nucleation mode more
eagerly join to the larger particles of accumulation
mode than collide with the partners of the same
mode. On the other hand, the accumulation mode
is stable and it comprises the foreign particles, not
only those produced as the result of the nucleation
burst and grown up to the sizes 50 – 100nm. If
the particle size distribution of accumulation mode
is known then the coagulation sink λ = λ(a) can
be calculated as

λ(a) =

∫
K (a, b)N(b, t)db, (6)

where N(b, t) is the size distribution of particles in
the accumulation mode and K (a, b) is the coagu-
lation efficiency

K (a, b) =
2π(a + b)2vT (a, b)

1 +

√
1 +

(
(a + b)vT (a, b)

2D(a, b)

)2
. (7)



Here a, b are the radii of colliding particles,

vT (a, b) =

√
8kT

πµa,b

is the thermal velocity and

µa,b =
mamb

ma + mb

is the reduced mass, with ma, mb being the masses
of colliding particles. The particle of 0.5 nm in
radius and with density 1 g/cm3 has the thermal
velocity 1.19·104 cm/s. Sometimes it is convenient
another expression for the thermal velocity,

vT (a, b) =
√

v 2
T (a) + v 2

T (b).

Next,
Da,b = Da + Db

is the diffusivity of the colliding pair, Da, Db are
the diffusivity of each particle.

In the transition regime we should use the corrected
diffusivity,

D =
kT

6πaνρair
E (a), (8)



where ν is the kinematic viscosity of air, ρair is the
air density and E (a) is the correction factor found
by Phillips, 1975,

E (a) =

15 + 12c1Kn + 9(c2
1 + 1)Kn2 + 18c2(c2

1 + 2)Kn3

15− 3c1Kn + c2(8 + πδ)(c2
1 + 2)Kn2

,(9)

with

c1 =
2− δ
δ

, c2 =
1

2− δ
and δ being a factor < 1 entering a slip boundary
conditions (Eq. (9)) of Phillips’ paper. The Knud-
sen number Kn = λ/a with λ being the mean
free path of the carrier gas molecules (λ = 65 nm
for air at ambient conditions). The parameter δ
changes within 0.79 – 1. Equation (9) describes
the transition correction for all Knudsen numbers
and gives the correct limiting values (continuous
and free-molecule ones). In what follows we put
δ = 1.

The coagulation sinks (per one particle of the for-
eign aerosol) were calculated for a number of av-
erage radiuses of the accumulation mode [Kermi-
nen et al., 2001; Boy and Kulmala, 2002; Dal
Maso et al., 2002]. Figure 2 presents the results of



Figure 2. The size dependence of the coagulation sink
λ(a)/N0 in cm2/s (N0 is the number concentration of the
foreign particles) calculated for the lognormal size distri-
bution with σ = 1.46 and different modal radii. Details
are given in Appendix A. The coagulation sink drops down
with the radius a of the particle of nucleation mode be-
cause the diffusivity of the latter diminishes as the particle
radius grows. The larger particles thus live longer than the
smaller ones.



our calculation and confirms that the coagulation
sink varies within a wide range diminishing with
the size of absorbed particles as λ(a) ∝ a−m with
1.5 ≤ m ≤ 2 [Lehtinen et al., 2007].

• J(a, t) = J(t)f (a) is the source productivity of
the stable embryos. The function f (a) describes
the size dependence of the embryos produced by
the nucleation and the intra-mode coagulation.

2.3 Parametrization

We assume that

• the concentration of condensable vapor is a peri-
odic function of time. We choose it in the form

C (t) =
C0

1 + |A|
[1− A cos(2πt/T )], (10)

where T = 24 h, C0 is a characteristic concentra-
tion of condensable vapors (a fitting parameter)
and −1 < A ≤ 1. This function is maximal at
midday. The concentration C0 = max[C (t)] is a
fitting parameter.

Next,

vT =

√
8kT

πm
= 0.906 · 104 cm/s.,



V0 = 3 · 10−21 cm3,

β = 0.6 · 10−17 cm4/s.

Actually it is preferable to parametrize the particle
growth rate, because the latter comes from several
condensing gaseous components.

• The source produces the smallest particles. We
do not specify the mechanism of their formation.
Most likely it is a nucleation process accompanied
with coagulation. The latter is very fast if the nu-
cleation produces a large amount of particles at a
time. The resulting particle production rate is thus
diminished by the coagulation process. We also
assume that nucleation consumes a small amount
of condensable vapors which allows us to consider
condensation and particle formation independently
of each other. In principle, the freshly forming par-
ticles consume the nucleating substance for their
growth, but the preexisting particles do it much
faster and thus they fix the concentration level of
the nucleating vapor.

We parametrize the particle source as J = J(t)f (a),
where



J(t) = J0

[
1− B cos(2π(t + τ))/T )

1 + |B |

]s
. (11)

Again, J0 is a fitting parameter and −1 < B ≤ 1.
The parameter s is chosen between 3 and 10, the
advance time τ varies between 0 and 12 h, i.e. it
allows the source to act at nighttime. We will see
that this parameter is of great importance.

The function f is just a lognormal distribution,

f (a)da =
1

a
√

2π lnσ
exp

[
−(ln(a/a0))2

2(lnσ)2

]
da.

(12)
Here a0 is a characteristic size of the particle form-
ing by the nucleation source. The function f is
dimensional (cm−1).

The width of the distribution σ varies within the
interval [0.5 – 1.5].

Other parametrizations can be found in Kerminen et
al., (2004a)



3 Exact Size Spectrum

The continuity equation

∂n

∂t
+ βC

∂n

∂a
+ λn = J(a, t), (13)

can be solved exactly. Here β =const, C = C (t),
λ = λ(a), i.e. we assume that the sizes of newly born
particles are smaller than the molecular mean free path
and the concentration of preexisting aerosol responsible
for the sinks slowly changes with time. The details of
the solution are given in Appendix B. The final result is
(see also [Clement, 1978;, Williams and Loyalka, 1991])

n(a, t) =

∫ t

0
J(a − α(t, t ′), t ′)e−

∫ t

t′ λ(a−α(t,t ′′))dt ′′dt ′+

e−
∫ t

0
λ(a−α(t,t ′))dt ′n0(a − α(t, 0)), (14)

where

α(t, t ′) =

∫ t

t ′
βC (t ′′)dt ′′. (15)

For C (t) given by Eq. (10) one readily finds

α(t, t ′) = ag [g(2πt/T )− g(2πt ′/T )], (16)

where

a∗ =
βC0T

2π(1 + |A|)
(17)



and
g(x) = x − A sin x . (18)

A new characteristic size a∗ (the growth parameter)
appears, whose meaning is transparent: it is (approxi-
mately) the change to the particle size during the the
whole growth period T . At C0 = 1 ppt and T = 24 h
a∗ = 23 nm (A = 1).

Next, the change to the total number concentration
during this period is

n∗ =
J0T

2π(1 + |B |)s
. (19)

This result is the consequence of the source parametriza-
tion Eq. (11). It is seen that n∗ ≈ 1.2 · 104 cm−3 at
J0 = 1 cm−3s−1 and a∗ = 10 nm at C0 = 107 cm−3.

4 Results and Discussion

The main result of this paper is the formulation of a
simple model of atmospheric nucleation bursts. This
model is analytically solvable and thus enormously sim-
pler than the models currently used at present time. We
have shown that the aerosol and chemical blocks can be
considered independently. In principle, it is possible to
use the data computed from the chemical block as the



external parameters for this model. From this point of
view all existing models are linear. Simply their authors
did not notice the linearity of the aerosol growth pro-
cess. Two exceptions are the works of Kerminen and
Kulmala, [2002] and Lehtinen et al., [2007] who used
the linear growth equation in the steady-state limit in
order to link the concentration of just born particles
with that of larger observable particles.

The main cause for the linearity is the preexisting
aerosol whose concentration and size is enough for cre-
ating large coagulation sinks. The corresponding char-
acteristic time is short compared to the time of self-
coagulation. The particle production rate in the linear
model is introduced as a fitting parameter. This step
removes any traces of nonlinearity.

The fact that the particle formation-growth process
is linear helps us to understand the mechanisms of the
nucleation burst.

4.1 Scales and Units

The spectrum n(a, t) has the dimensionality cm−4. It
is convenient to measure it in units of n∗/a0, where
the characteristic size a0 of freshly formed particles is
introduced in Eq. (12). We also notice that the func-



tion a0f (a) depends on the ratio a/a0 (see Eq. (12)),
which means that the particle size is measured in units
of a0. Next, it is convenient to measure t in hours.
It is essential to emphasize that the multiplier n∗/a0

enters linearly into the expression for the particle spec-
trum Eq. (14), so all our plots operate with the ratio
n(a, t)a0/n∗.

The final size distribution is given by the analyti-
cal formula Eq. (14) which includes two dimensionless
groups a∗ (the growth parameter) and λ∗ = λT/2π
(the sink parameter).

a∗ =
αC0T

2πb(1 + |A|)
λ∗ =

λT

2π

The source rate J0 enters the expression for the spec-
trum linearly and defines the characteristic concentra-
tion of freshly formed particles,

n∗ =
J0T

2π(1 + |B |)s
There are also a couple of dimensionless parameters A
and B defining the variability of the concentration of
the condensing vapor and the source. Our numerical
calculation were done for the sets

a∗ = 10, 30, λ∗ = 1, 10, 100, A = 0.5, B = 1,

b = 1nm, s = 6.



These parameters correspond to C0 ≈ 107cm−3,
C0 ≈ 3 · 107cm−3 and λ = 10−4s−1, λ = 10−3s−1,
λ = 10−2s−1 typical for the nucleation events observed
in Hyytiälä [Dal Maso et al., 2005]. The source inten-
sity enters as a multiplier to the expressions for the size
spectra, so they are given in relative units (r.u.). For
the same reason (linearity of the growth process) the
average particle radius is independent of the particle
source intensity J0.

4.2 Scenarios of Nucleation Bursts

The linearity of the model means that the particle size
distribution can be schematically presented as follows:

n(a, t) = ĜJ + F̂n0. (20)

Here Ĝ, F̂ are linear evolution operators allowing for
restoring the full size distribution functions by the par-
ticle source J and the initial conditions n0. As we will
see the first term does not produce a “burst-like” pic-
ture, although diurnal increases in the detectable par-
ticle concentration are well reproduced. The second
term is of special significance. We show that if the
source does not work at night time, but a highly dis-
perse (undetectable) aerosol appears from somewhere,



then a running-wave type picture typical for the nu-
cleation burst arises. We incline to associate the nu-
cleation events to this very mechanism. The overall
situation is displayed in Figure 3. The initially exist-
ing fine undetectable aerosol begins to grow in parallel
with the particles from the regular (periodic) source.
The linearity of Eq. (1) is the reason for this run-
ning wave picture. Very likely that this initial aerosol
(proto-aerosol in what follows) is closely related to sta-
ble clusters whose existence was theoretically predicted
by Kulmala et al, [2000].

Figure 4 also shows an event picture. Although the
daytime increase in the particle number concentration
of the nucleation mode occurs, it is not so clearly ex-
pressed as in the case displayed in Figure 3.

A non-event picture is shown in Figure 5. Although
the source produces the aerosol particles they do not
overgrow the 3nm size and thus undetectable by exis-
tent standard spectroscopes.

Another type of nucleation burst is shown in Fig-
ure 6. If the source abruptly (at t = tc) ceases to
produce fresh particles then the particles produced be-
fore tc begin to grow in free regime and their spectrum
moves to the right along the size axis as a running
wave. There are some reasons to believe that such type



Figure 3. Time evolution of the particle size spectrum.
Tiny aerosol particles (protoaerosol) presented in air before
the source has begun to produce fresh aerosol are seen to
grow by condensing low volatile vapors.



Figure 4. Time evolution of the particle size spec-
trum. No protoaerosol has presented before the source
began to produce fresh particles. Nevertheless, the hump
in the spectrum appears in the detectable part of the size
spectrum (above 3nm, vertical dotted line). This is also a
nucleation burst, but the picture is qualitatively different
from that displayed in Figure 3.



Figure 5. Time evolution of the particle size spectrum.
No protoaerosol has presented before the source began to
produce fresh particles. Still the sinks are so strong that
they do not permit the hump to cross the detectable size
3nm (vertical dotted line). No nucleation burst is observed,
although the source forms the particles. Almost all of them
die on colliding with the particles of accumulation mode.



Figure 6. Time evolution of the particle size spectrum.
No protoaerosol has presented before the source began to
produce fresh particles. But in contrast to Figure 3 the
source stops to work at 7 a.m.. The aerosols formed by
the source until this time begins to grow. The picture
reminds that shown in Figure 4.



of nucleation burst can realize in the atmosphere. The
activity of the nucleation process can be suppressed by
a slight increase in the concentration of preexisting par-
ticles [Lushnikov and Kulmala, 2000a; 2000b; 2004].

The last and very plausible scenario of the nucleation
burst assumes that the source of nucleated particles J
works at nighttime (dark nucleation), whereas the con-
densable (but not nucleating) substances produced by
photochemical processes appear only at daytime. This
can happen, for example, if one of the participants of
the cycle that results to nucleating substance is able
to actively react with a product appeared in the pho-
tochemical cycle. In this case this product serves as an
inhibitor of the nucleation process. If the total concen-
tration of the aerosol particles accumulated during the
dark time is not large (in order to exclude the coag-
ulation growth) then these particles serve as the pro-
toaerosol at the daytime. Our model allows us to cal-
culate what is going on in this case. The calculations
of Figure 7 are performed with the same parameter as
in Figure 8, but the maximum of the source was shifted
by 12h earlier. Figure 7 displays the results. Instead of
rather smooth development of events (see Figure 7) a
narrow peak moving to the right appears. This scenario
well reproduces the picture of the “heterogeneous” nu-



Figure 7. Time evolution of the particle size spectrum.
An example of nighttime nucleation and subsequent growth
are shown in this picture. The calculations are done with
the same parameters as in Figure 8 except for the time
dependence of the particle source. The maximal intensity
of the source is shifted back by 12h. The source does not
work at day time and the particles produced during the
nighttime grow in free (no source) regime.



Figure 8. Time evolution of the particle size spectrum.
Daytime nucleation. The source of tiny particles begins
to work simultaneously with the photochemical production
of low volatile substances providing the particle growth.
Compare this picture to Figure 7, where the nighttime nu-
cleation forms the particles and cease to do this at daytime.



cleation burst, where the nucleated particles and their
coating have different origination.

5 Conclusion

In this paper we have considered the possibility to apply
a linear evolution model for describing the nucleation
bursts observed in boreal forests. The simplifications
introduced by us rely upon the fact that the evolution
of chemical content of the atmosphere is entirely deter-
mined by condensational sinks, where the contribution
of accumulation mode is overwhelming as compared
to that of the nucleation mode. This statement means
that the newly born particles does not affect the chemi-
cal kinetics of the trace gases responsible for production
of low volatile substances giving then rise the life to the
aerosol particles. The chemical block of any model de-
scribing the formation of disperse phase in the atmo-
sphere can be considered independently of the block
describing the particle formation, growth, and death.
It is not yet enough for reaching the linearity of the
particle growth model. The nucleation and coagula-
tion are essential sources of nonlinearity. We have thus
sacrificed the self-coagulation of the particles of the
nucleation mode whereas the intermode coagulation is



replaced by the coagulation sinks which are formed by
the particles of the accumulation mode. This approxi-
mation is also well grounded under the condition, where
the self-coagulation time is much longer than the time
of intermode coagulation.

Much more risky is our replacement of the nucle-
ation by an external particle source whose productivity
has been introduced as a fitting parameter. On the
other hand, we know almost nothing about the kinet-
ics of the nucleation process as well as its participants.
Moreover, at sufficiently high nucleation rates coagula-
tion of newly born particles can complicate the process.

And at last, we introduced the growth rate which was
considered to be independent of the particle size. We
thus sacrificed the dependence due to Kelvin’s effect
because of our very poor knowledge of the physico-
chemical properties of small particles.

We thus have come to the linear model of the particle
formation-growth, i.e., the evolution equation govern-
ing the particle size distribution reduced to the linear
one. This is the main and very principle difference of
our model from other ones.

Although our model comparatively primitive it has
many advantages. They are:

• The model is analytically solvable,



• The height of the peak concentration is propor-
tional to the particle production rate.

• It sheds a new light on the origin of the peaks in
the particle mass spectra. The parameters of the
model can be found numerically from other more
complex models or from the results of measure-
ments.

The dynamics of particle formation growth strongly de-
pends on the initial conditions. There are three possi-
bility:

1. At nighttime the smallest particles entirely die out.
The nucleation mode appears right after sunrise
together with the low volatile gases giving rise to
the particle growth. This situation corresponds to
zero initial conditions.

2. There is not a source of fresh particles. The small-
est particles appear from somewhere else. These
particles begin to grow at daytime, where the pho-
tochemical cycles producing low volatile condens-
able substances become active.

3. The source produces the smallest particles only at
nighttime. The activation of photochemical cycles
leads to inhibition of the nucleation process. In-



stead condensable substances appear that promote
the particle growth.

And, at last, the source produces fresh particles, but
we do not see them because their growth is suppressed
with strong condensation and coagulation sinks. The
particles of the nucleation mode do not overstep the
detectable size 3 nm.
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Appendix A. Coagulation Sink.

Numerical Details

A1 General

The coagulation sink λ is either a fitting parameter or
can be calculated if we know N(b, t), the size distribu-
tion of the preexisting particles

λ(a) =

∫
K (a, b)N(b, t)db, (A.1)

where K (a, b) is the coagulation efficiency. In contrast
to commonly accepted recipes we calculate the specific



coagulation sink, i.e., the sink for the concentration
N = 1 cm−3.

In what follows we assume that N(b) is described by
a lognormal function

f (a)da =
1

a
√

2πσ
exp

[
− 1

2σ
ln2(a/b0))

]
da (A.2)

Here b0 is a characteristic size of the preexisting mode.
The function f is dimensional (cm−4).

The coagulation efficiencies are assumed to be,

K (a, b) =
2π(a + b)2vT (a, b)

1 +

√
1 +

(
(a + b)vT (a, b)

2D(a, b)

)2
(A.3)

Here a, b are the radii of the colliding particles,

vT (a, b) =

√
8kT

πµa,b

is the thermal velocity,

µa,b =
mamb

ma + mb
(A.4)

is the reduced mass, with ma, mb being the masses of
colliding particles,

Da,b = Da + Db (A.5)



is the diffusivity of the colliding pair, Da, Db are the dif-
fusivity of each particle (should be found for the tran-
sition regime),

D =
kT

6πaνρair
C (a) (A.6)

where ν is the kinematic viscosity of air, ρair is the air
density and C (a) is given by the formula that can be
used instead of the Millikan correction, [Phillips, 1975]

C (a)=
15 + 12c1Kn + 9(c2

1 + 1)Kn2 + 18c2(c2
1 + 2)Kn3

15− 3c1Kn + c2(8 + πδ)(c2
1 + 2)Kn2

(A.7)
where

c1 =
2− δ
δ

, c2 =
1

2− δ
with δ being a factor < 1 entering the slip boundary
condition [Phillips, 1975]. The Knudsen number Kn =
λ/a with λ being the mean free path of the carrier gas
molecules. The parameter δ changes within 0.79 – 1.
(see the paper). We use the density of aerosol particles
ρ = 2 g·cm−3 and δ = 1



A2 Dimension Carriers

Technically it is more convenient to have the result
presented in the form

λ(a, b) = Λ(l)f (ã, b̃) (A.8)

where l is a scale and ã = a/l , b̃ = b/l . The value
of this scale depends on our good will. We choose
l = 1 nm = 10−7 cm. Then all sizes in Eq. (A.8) are
measured in nm. We have,

vT (l) =

√
8kT

π · (4πl3/3)ρ
, (A.9)

Then Λ(l) in Eq. (A.8) is

Λ(l) = 2π

√
6kTl

π2ρ
= 2.23 · 10−10s−1, (A.10)

and the numerator of K in Eq. (A.3) takes the form:

2.23 · 10−10(ã + b̃)2

√
ã3 + b̃3

ã3b̃3
(A.11)

The same combination appears in the denominator of
Eq. (A.3). We thus find,(

(a + b)vT (a, b)

2D(a, b)

)2

=



0.0147

 ã + b̃

b̃C (ã) + ãC (b̃)

√
ã3 + b̃3

ãb̃

2

. (A.12)

The mean free path in the expression for C is taken 60
nm, T = 300K. We have K (ã, b̃) = ΛF (ã, b̃), where

F (ã, b̃)=
(ã + b̃)2

√
ã3+b̃3

ã3b̃3

1+

√√√√√1 + 0.0147

 ã + b̃

b̃C (ã) + ãC (b̃)

√
ã3 + b̃3

ãb̃

2

(A.13)
Finally, the specific coagulation sink is expressed as

follows:

λ(ã)=
2.23 · 10−10

√
2πσ

∞∫
0

exp

[
− 1

2σ
ln2(b̃/b̃0))

]
F (ã, b̃)

db̃

b̃

(A.14)
The scale of the lognormal distribution b̃0 is measured
in nm and λ in cm3 · s−1



Appendix B. Solution of Continuity Equa-

tion

In this appendix we solve the continuity equation. This
solution appeared many times in the scientific litera-
ture (see [Clement, 1978; Williams and Loyalka, 1991].
Here we reproduce the solution of (B.15) in more detail
that this was done earlier.

We look for the solution to the equation for the func-
tion n(a, t)

∂n

∂t
+ βC

∂n

∂a
+ λ(a, t)n = J(a, t), (B.15)

assuming that the initial particle spectrum n(a, 0) =
n0(a) is a known function. Here β =const, C = C (t),
i.e., we assume that the sizes of newly born particles
is smaller than the molecular mean free path. The
functions J(a, t) ≥ 0 and λ(a, t) ≥ 0 are defined only
for positive a. At a < 0 both these functions are equal
to zero.

We look for n(a, t) as the solution to the equation

R(n, a, t) = 0 (B.16)

with respect to n. The equation for R readily follows
from Eq. (B.15). Indeed, the derivatives of n with



respect to t and a are expressed in terms of R as fol-
lows: n′t = −(R ′t)/(R ′n) and n′a = −(R ′a)/(R ′n). Here
prime stands for partial differentiation over the argu-
ment shown in the superscript. On substituting this
into Eq. (B.15) gives the partial differential equation
for R = R(n, a, t)

∂R

∂t
+ βC

∂R

∂a
+ (J − λn)

∂R

∂n
= 0. (B.17)

The equations for the characteristics of Eq. (B.17) are:

dt

1
=

da

βC
=

dn

J(a, t)− λ(a, t)n
. (B.18)

This is the set of two ordinary differential equations for
n(t) and a(t). The first characteristics is readily found
from the first equation of the set (B.18),

a(t) = ac + α(t), (B.19)

where ac is the integration constant and α(t) =

β
∫ t

0 C (t ′)dt ′.
The second one is found from the second equation

of this set,

dn

dt
+ λ(a(t), t)n = J(a(t), t), (B.20)



where a(t) is given by Eq. (B.19). Then one finds,

n(t)=[nc +
∫ t

0 J(ac + α(t ′), t ′)e
∫ t′

0
λ(ac+α(t ′′),t ′′)dt ′′dt ′]×

×e−
∫ t

0
λ(ac+α(t ′),t ′)dt ′, (B.21)

Here nc is the integration constant of Eq. (B.20).
Now we introduce two functions,

ac(a, t) = a − α(t) and

nc(n, a, t) = ne
∫ t

0
λ(ac(a,t)+α(t ′),t ′)dt ′−∫ t

0
J(ac(a, t) + α(t ′), t ′)e

∫ t′

0
λ(ac(a,t)+α(t ′′),t ′′)dt ′′dt ′.

(B.22)
Equations (B.19) and (B.20) allow us to conclude that
the function

R(n, a, t) = R(nc(n, a, t), ac(a, t)) (B.23)

is the solution to Eq. (B.17).
On solving then Eq. (B.23) with respect to n(a, t)

yields

n(a, t) =∫ t
0 J(a − α(t) + α(t ′), t ′)e−

∫ t

t′ λ(a−α(t)+α(t ′′),t ′′)dt ′′)dt ′+

e−
∫ t

0
λ(a−α(t)+α(t ′),t ′)dt ′n0(a − α(t)) (B.24)



where the function n0(x) should be determined from
the initial conditions. For the separable source and
zero initial conditions we have,

n(a, t) =∫ t

0
f [a−α(t) +α(t ′)]J(t ′)e−

∫ t

t′ λ(a−α(t)+α(t ′′),t ′′)dt ′′dt ′.

(B.25)
Next,

α(t) =
βC0

1 + |A|
[1− A cos(2πt/T )] (B.26)

or

βC0

1 + |A|

∫ t

t ′

1

2
(1 + sin(2πt ′′/T ))dt ′′ =

βC0T

2π(1 + |A|)
[g(2πt/T )− g(2πt ′/T )] (B.27)

where
g(x) = x − A sin x (B.28)
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